ABSTRACT. Building upon Hovey's work on Smith ideals for monoids, we develop a homotopy theory of Smith ideals for general operads in a symmetric monoidal category. For a sufficiently nice stable monoidal model category and an operad satisfying a cofibrancy condition, we show that there is a Quillen equivalence between a model structure on Smith ideals and a model structure on algebra maps induced by the cokernel and the kernel. For symmetric spectra this applies to the commutative operad and all Sigma-cofibrant operads. For chain complexes over a field of characteristic zero and the stable module category, this Quillen equivalence holds for all operads.
INTRODUCTION
A major part of stable homotopy theory is the study of structured ring spectra. These include ring spectra, commutative ring spectra, A ∞ -ring spectra, E ∞ -ring spectra, and so forth. Based on an unpublished talk by Jeff Smith, in [Hov∞] Hovey developed a homotopy theory of Smith ideals for ring spectra and monoids in more general symmetric monoidal model categories.
Since monoids are algebras over the associative operad, a natural question is whether there is a satisfactory theory of Smith ideals for algebras over other operads. For the commutative operad, the first author showed in [Whi∞] that commutative Smith ideals in symmetric spectra, equipped with either the positive flat (stable) or the positive (stable) model structure, inherit a model structure. The purpose of this paper is to generalize Hovey's work to Smith ideals for general operads in monoidal model categories. For an operad O we define a Smith O-ideal as an algebra over an associated operad → O ◻ in the arrow category → M ◻ . We will prove a precise version of the following result in Theorem 4.4.1. 
3). (3)
O is Σ C -cofibrant (e.g., the associative operad, A ∞ -operads, E ∞ -operads, and E n -operads), and M is the category of symmetric spectra with either the positive stable model structure or the positive flat stable model structure (Corollary 5.2.3 and Example 5.2.5).
The rest of this paper is organized as follows. In Section 2 we recall some basic facts about model categories and arrow categories. In Section 3 we define Smith ideals for an operad and prove that, when M is pointed, there is an adjunction between Smith O-ideals and O-algebra maps given by the cokernel and the kernel. In Section 4 we define the model structures on Smith O-ideals and O-algebra maps and prove the Theorem above. In Section 5 we apply the Theorem to the commutative operad and Σ C -cofibrant operads. In Section 6 we apply the Theorem to entrywise cofibrant operads.
Let I-cell denote the class of transfinite compositions of pushouts of maps in I, and let I-cof denote retracts of such. In order to run the small object argument, we will assume the domains K of the maps in I (and J) are κ-small relative to I-cell (resp. J-cell); i.e., given a regular cardinal λ ≥ κ and any λ-sequence X 0 / / X 1 / / ⋯ formed of maps X β / / X β+1 in I-cell, the map of sets
is a bijection. An object is small if there is some κ for which it is κ-small. A strongly cofibrantly generated model category is a cofibrantly generated model category in which the domains of I and J are small with respect to the entire category.
Definition 2.1.1. A symmetric monoidal closed category M equipped with a model structure is called a monoidal model category if it satisfies the following pushout product axiom [SS00] (3.1):
• Given any cofibrations f ∶ X 0 / / X 1 and g ∶ Y 0 / / Y 1 , the pushout product map
is a cofibration. If, in addition, either f or g is a weak equivalence then f ◻ g is a trivial cofibration.
Quillen Adjunctions and Quillen
Equivalences. An adjunction with left adjoint L and right adjoint R is denoted by L ⊣ R. Definition 2.2.1. A lax monoidal functor F ∶ M / / N between two monoidal categories is a functor equipped with structure maps 
. So the smallness of the domains of the generating (trivial) cofibrations in → M inj and → M proj follows from our assumption on the domains and the codomains in I and J.
SMITH IDEALS FOR OPERADS
Suppose (M, ⊗, 1) is a cocomplete symmetric monoidal category in which the monoidal product commutes with colimits on both sides, which is automatically true if M is a closed symmetric monoidal category. In this section we define Smith ideals for an arbitrary colored operad O in M. When M is pointed, we observe in Theorem 3.4.2 that the cokernel and the kernel induce an adjunction between the categories of Smith O-ideals and of O-algebra maps. This will set the stage for the study of the homotopy theory of Smith O-ideals in the next several sections.
3.1. Operads, Algebras, and Bimodules. The following material on profiles and colored symmetric sequences is from [YJ15] . For colored operads our references are [Yau16] and [WY∞1] .
Definition 3.1.1. Suppose C is a set, whose elements will be called colors.
(1) A C-profile is a finite, possibly empty sequence c = (c 1 , . . . , c n ) with each c i ∈ C. (2) When permutations act on C-profiles from the left (resp., right), the resulting groupoid is denoted by Σ C (resp., Σ • a C-colored symmetric sequence O in M;
• structure maps
This data is required to satisfy suitable associativity, unity, and equivariant conditions.
• objects A c ∈ M for c ∈ C;
in M for all d ∈ C and c = (c 1 , . . . , c n ) ∈ Σ C . This data is required to satisfy suitable associativity, unity, and equivariant conditions. Maps of O-algebras are required to preserve the structure maps. The category of O-algebras in M is denoted by Alg(O; M).
This data is required to satisfy suitable associativity, unity, and equivariant conditions similar to those of an O-algebra but with one input entry A and the output entry replaced by X. A map of A-bimodules is required to preserve the structure maps. The category of A-bimodules is denoted by Bimod(A).
3.2. Arrow Category of Operadic Algebras.
This structure map is equivalent to the commutative square
The associativity, unity, and equivariance of λ translate into those of λ 0 and λ 1 , making (X, λ 0 ) and (Y, λ 1 ) into O-algebras in M. The commutativity of the previous square means
Remark 3.2.2. For the associative operad As, whose algebras are monoids, the identification of → As ⊗ -algebras (i.e., monoids in → M ⊗ ) with monoid maps in M is [Hov∞] (1.5).
3.3. Operadic Smith Ideals.
In the previous diagram, we omitted some ⊗ to simplify the typography.
Proof.
that are associative, unital, and equivariant. Since
For n ≥ 1, the structure map λ is equivalent to the commutative diagram 1) . The maps that define the colimit are given by the f c i 's.
The bottom horizontal map λ 1 in (3.3.4) together with the maps
The top horizontal map λ 0 together with the description (3.3.5) of the domain of f c 1 ◻ ⋯ ◻ f cn yield the commutative diagram (3.3.3).
The argument above can be revered. In particular, to see that the commutative diagram (3.3.3) yields the top horizontal map λ 0 in (3.3.4), observe that the full subcategory of the punctured n-cube {0, 1} n ∖ {(1, . . . , 1)} consisting of (ǫ 1 , . . . , ǫ n ) with at most two 0's is a final subcategory [Mac98] 
of Smith O-ideals consists of
The description of Smith O-ideals in Prop. 3.3.2 and their maps in the previous remark imply the following result.
there is a canonical isomorphism of categories
Alg → O ◻ ; → M ◻ ≅ Alg(O s ; M).
Operadic Smith Ideals and Maps of Operadic Algebras.
Recall that a 0-object in a category is an object that is both an initial object and a terminal object. A pointed category is a category with a 0-object. In [Hov∞] (1.4) Hovey proved that, if M is also pointed, then there is an adjunction
with cokernel as the left adjoint and kernel as the right adjoint. The cokernel is strong symmetric monoidal that preserves the monoidal unit, and the kernel is lax symmetric monoidal. If M is a pointed model category, then (coker, ker) is a Quillen adjunction [Hov∞] 
in which both the left and the right adjoints are defined entrywise.
Proof. There is a solid-arrow commutative diagram
with both U forgetful functors and U ker = ker U. The top horizontal kernel functor is well defined because ker (1) Pointed or unpointed simplicial sets [Qui67] and all of their left Bousfield localizations [Hir03] . (2) Bounded or unbounded chain complexes over a field of characteristic zero [Qui67] . (3) Symmetric spectra with either the positive stable model structure [MMSS01] or the positive flat stable model structure [Shi04] . (4) The category of small categories with the folk model structure [Rez∞] . 
Therefore, if M is also cofibrantly generated in which the domains and the codomains of all the generating (trivial) cofibrations are small in M, then every C-colored operad on
Proof. Suppose M satisfies (♠) with respect to a subclass C of weak equivalences that is closed under transfinite composition and pushout. We write C ′ for the subclass of weak equivalences β in → M ⊗ inj such that β 0 , β 1 ∈ C. Then C ′ is closed under transfinite composition and pushout.
is a trivial cofibration in → M ⊗ inj . We will show that f X ⊗ Σn α ◻n belongs to C ′ . The map The following observation will be used in the proof of Theorem 6.2.1 below. Proof. The category Alg → O ◻ ; → M ◻ already has a model structure (namely, the one in Def. 4.2.3(1)) with weak equivalences and fibrations defined via the forgetful functor U in the free-forgetful adjunction 
Since there is an equality (3.4.4) 
C is a weak equivalence. We must show that α is a weak equivalence, i.e., that
C is a weak equivalence. The map Uα is still a map between fibrant objects, and
C is a right Quillen equivalence [Hov∞] 
Then the Quillen adjunction
Proof. Using Prop. 4.3.3 and [Hov99] (1.3.16), it remains to show that for each cofi-
In other words, we must show that Uη is a weak equivalence in
Here the left vertical map is a trivial cofibration and is a fibrant replacement of U coker f X . The top horizontal map is a weak equivalence and is U applied to a fibrant replacement of coker f X . The other two maps are fibrations. So there is a dotted map α that makes the whole diagram commutative. By the 2-out-of-3 property, α is a weak equivalence between fibrant objects in (
C is a right Quillen functor, by Ken Brown's Lemma [Hov99] (1.1.12) ker α is a weak equivalence in
We now have a commutative diagram
where ε is the derived unit of U f X . To show that Uη is a weak equivalence, it suffices to show that ε is a weak equivalence. By assumption U f X is a cofi-
C , the derived unit ε is a weak equivalence by [Hov99] (1.3.16). In what follows, when we mention symmetric spectra, we always assume that it is equipped with either the positive stable model structure or the positive flat stable model structure.
The condition about cofibrant Smith O-ideals being color-wise cofibrant in → M ◻ proj is more subtle. We will consider this issue in the next two sections.
SMITH IDEALS FOR COMMUTATIVE AND SIGMA-COFIBRANT OPERADS
In this section we apply Theorem 4.4.1 and consider Smith ideals for the commutative operad and Σ C -cofibrant operads. In particular, in Corollary 5.2.3 we will show that Theorem 4.4.1 is applicable to all Σ C -cofibrant operads. On the other hand, the commutative operad is usually not Σ-cofibrant. However, as we will see in Example 5.1.3, Theorem 4.4.1 is applicable to the commutative operad in symmetric spectra with the positive flat stable model structure.
5.1. Commutative Smith Ideals. For the commutative operad, which is entrywise the monoidal unit and whose algebras are commutative monoids, we use the following definition from [Whi∞] The following result says that, under suitable conditions, commutative Smith ideals and commutative monoid maps have equivalent homotopy theories.
Corollary 5.1.2. Suppose M is as in Theorem 4.4.1 that satisfies the strong commutative monoid axiom in which the monoidal unit is cofibrant. Then there is a Quillen equivalence
in which Com is the commutative operad in M.
Proof. For the commutative operad, it is proved in [Whi∞] 
by [Hir03] (11.6.5(1)), and similarly for (L 0 , Ev 0 ).
The following result says that, under suitable conditions, for a Σ C -cofibrant Ccolored operad O, Smith O-ideals and O-algebra maps have equivalent homotopy theories.
Corollary 5.2.3. Suppose M is as in Theorem 4.4.1, and O is a
Σ C -cofibrant C-colored operad in M. Then cofibrant → O ◻ -algebras are also underlying cofibrant in ( → M ◻ proj ) C ,
so there is a Quillen equivalence
Proof. Smith Ideals: The associative operad As, which has As(n) = ∐ Σn 1 as the nth entry and which has monoids as algebras, is Σ-cofibrant. In this case, Corollary 5.2.3 is Hovey's Corollary 4.4(1) in [Hov∞] . Smith A ∞ -Ideals: Any A ∞ -operad, defined as a Σ-cofibrant resolution of As, is Σ-cofibrant. In this case, Corollary 5.2.3 says that Smith A ∞ -ideals and A ∞ -algebra maps have equivalent homotopy theories. For instance, one can take the standard differential graded A ∞ -operad [Mar96] and, for symmetric spectra, the Stasheff associahedra operad [Sta63] . Smith E ∞ -Ideals: Any E ∞ -operad, defined as a Σ-cofibrant resolution of the commutative operad Com, is Σ-cofibrant. In this case, Corollary 5.2.3 says that Smith E ∞ -ideals and E ∞ -algebra maps have equivalent homotopy theories. For example, for symmetric spectra one can take the Barratt-Eccles E ∞ -operad EΣ * [BE74] . Smith E n -Ideals: For each n ≥ 1 the little n-cube operad C n [BV73, May72] is Σ-cofibrant and is an E n -operad by definition [Fre∞] (4.1.13). In this case, with M being symmetric spectra with the positive (flat) stable model structure, Corollary 5.2.3 says that Smith C n -ideals and C n -algebra maps have equivalent homotopy theories. One may also use other Σ-cofibrant E n -operads [Fie∞] , such as the Fulton-MacPherson operad ( [GJ∞] and [Fre∞] (4.3)), which is actually a cofibrant E n -operad.
SMITH IDEALS FOR ENTRYWISE COFIBRANT OPERADS
In this section we apply Theorem 4.4.1 to operads that are not necessarily Σ Ccofibrant. To do that, we need to redistribute some of the cofibrancy assumptionsthat cofibrant Smith O-ideals are underlying cofibrant in the arrow category-from the operad to the underlying category. We will show in Theorem 6.2.1 that Theorem 4.4.1 is applicable to all entrywise cofibrant operads provided M satisfies the cofibrancy condition (♡) below. This implies that over the stable module category Theorem 4.4.1 is always applicable. Proof. For simplicial sets with either model structure, a cofibration is precisely an injection, and the pushout product of two injections is again an injection. Dividing an injection by a Σ n -action is still an injection. The other cases are proved similarly. in M. Here the left square is commutative by definition, and the right square is X 0 ⊗ Σn (−) applied to α ◻ 2 n in (6.1.6).
We consider the Reedy category D with three objects {−1, 0, 1}, a map 0 / / − 1 that lowers the degree, a map 0 / / 1 that raises the degree, and no other nonidentity maps. Using the Quillen adjunction [Hov99] (proof of 5.2.6)
to show that ϕ is a cofibration in M, it is enough to show that (6.1.9) is a Reedy cofibration in M D . So we must show that in (6.1.9):
(1) The left and the middle vertical arrows are cofibrations in M.
(2) The pushout corner map of the right square is a cofibration in M.
The objects X 0 and X 1 in M Σ op n are cofibrant in M. The map ζ 1 = Ev 0 (α
Σn is an underlying cofibration in M. Indeed, since α ∈ → M ◻ proj is a cofibration, so is the iterated pushout product α ◻ 2 n by the pushout product axiom [WY∞3] . In particular, Ev 0 (α
) is a cofibration in M. The condition (♡) in M (for the map ∅ / / X i ) now implies the left and the middle vertical maps X i ⊗ Σn ζ 1 in (6.1.9) are cofibrations in M.
Finally, since X 0 ∈ M
